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OPERADS AND ALGEBRAIC HOMOTOPY II:
SUSPENSIONS
JUSTIN R. SMITH
1. Introdution
The present paper forms a ontinuation of [5℄. Sine that paper has not appeared,
we begin by summarizing some of its relevant results.
The easiest way to onvey the avor of this paper's results is with a simple
example. Suppose X and Y are pointed, simply-onneted, 2-redued simpliial
sets. There are many topologial invariants assoiated with the hain-omplexes of
X and Y  inluding the oprodut and Sn-equivariant higher oproduts (used
to dene Steenrod operations):
RSn ⊗ C(X) → C(X)
n
RSn ⊗ C(Y ) → C(Y )
n
for all n > 1, where:
1. RSn is the bar-resolution of Z over ZSn.
2. (∗)n denotes the n-fold tensor produt over Z (with Sn ating by permuting
fators).
Now suppose we know (from a purely algebrai analysis of these hain-omplexes)
that there exists a hain-map induing homology isomorphisms
f :C(X)→ C(Y )
and making
RSn ⊗ C(X) //
1⊗f

C(X)n
fn

RSn ⊗ C(Y ) // C(Y )
n
(1.1)
ommute for all n > 1 (requiring exat ommutativity is unneessarily restritive,
but we assume it to simplify this disussion).
Then our theory asserts that X and Y are homotopy equivalent via a geometri
map induing a map hain-homotopi to f . In fat, our theory goes further than
this: if f is any hain-map making 1.1 ommute for all n > 1, there exists a map
of topologial realizations
F : |X | → |Y |
induing a map equivalent to f (see [5, theorems 9.5 and 9.7℄ for the exat state-
ments). Essentially, Steenrod operations on the hain-level determine:
• the homotopy types of spaes and maps,
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• all obstrutions to topologially realizing hain-maps.
I view this work as a generalization of Quillen's haraterization of rational homo-
topy theory in [4℄  he showed that rational homotopy types are determined by a
ommutative oalgebra strutures on hain-omplexes; we show that integral homo-
topy types are determined by oalgebra strutures augmented by higher diagonals.
In [5,  2℄, we dene a ategory of m-oalgebras, L0 and a loalization of it, L
by a lass of maps alled elementary equivalenes. This gives rise to a homotopy
theory of m-oalgebras in terms of whih we an state this paper's main result:
Theorem [5℄:The funtor
C(∗): Homotop
0
→ L+
denes an equivalene of ategories and homotopy theories (in the sense of
[3℄), where Homotop
0
is the homotopy ategory of pointed, simply-onneted
CW-omplexes and ontinuous maps and L+ ⊂ L is the subategory of topologially
realizable m-oalgebras. In addition, there exists an equivalene of ategories and
homotopy theories
C(∗):F → F+
where F is the homotopy ategory of nite, pointed, simply-onneted simpliial
sets and F+ is the homotopy ategory of nitely generated, topologially realizable
m-oalgebras in L0 loalized with respet to nitely generated equivalenes in L0.
In the spirit of our initial statement, one orollary to this result is
Corollary 9.20 of [5℄: Let X and Y be pointed, simply-onneted semisimpliial
sets and let
f :C(X)→ C(Y )
be a hain-map between anonial hain-omplexes. Then f is topologially re-
alizable if and only if there exists an m-oalgebra C over S and a fatorization
f = fβ ◦ fα
C(X1)
fα
// C
fβ
//
C(X2)oo
ι
where fα is a morphism of m-oalgebras, ι is an elementary equivalene  an
injetion of m-oalgebras with ayli, Z-free okernel  and fβ is a hain map
that is a left inverse to ι. If X and Y are nite, we may require C to be nitely
generated.
The present paper will study stable homotopy theory using similar tehniques.
In  3, we dene the important onept of suspension of operads and haraterize
suspensions of spaes in terms of m-oalgebras. This leads to the denition of the
operad S−∞, whih an be thought of as an innite desuspension of the operad S.
The main result of this setion is:
Corollary 3.24: Let X and Y be pointed, simply-onneted semisimpliial sets.
Then there exists an integer k ≥ 0 and a pointed map of topologial realizations
f : |SkX | → |SkY | if and only if there exists a morphism g: p∗0C(X)
+ → p∗0C(Y )
+
in
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Σ−∞L (the ategory of oalgebras over S−∞). In this ase, the following diagram
ommutes in L
Σk(Uk)∗C(X)+
Σkg
// Σk(Uk)∗C(Y )+
C(SkX)+
ι
SkX

C(SkY )+
ι
SkY

C(∆˙(|SkX |))
C(∆˙(f))
// C(∆˙(|SkY |))
(1.2)
where
1. Σk denotes suspension of hain-omplexes and base-operads. This is suspen-
sion in the sense of dimension-shifting.
2. ∆˙(∗) denotes the 2-redued singular omplex funtor.
3. | ∗ | denotes topologial realization funtor.
4. ιX :C(X)→ C(∆˙(|X |)) is the anonial (injetive) equivalene.
In partiular X and Y are stably homotopy equivalent if and only if p∗0C(X)
+
and
p∗0C(Y )
+
are equivalent in the ategory Σ−∞L.
In future papers, we will apply these results to Boardman's stable homotopy ate-
gory. The stable homotopy ategory ontains muh more than suspensions of spaes
 for instane, it also inludes arbitrary formal desuspensions of spaes and ide-
alized spae-objets that haraterize generalized homology theories. Even spaes
behave dierently in this ategory  as though already innitely suspended. The
objets of this ategory are spetra  sequenes of spaes with maps from the sus-
pension of eah term of the sequene to the next term.
2. Definitions
In this setion, we reall some of the relevant denitions from [5℄.
Denition 2.1. Let C and D be two graded Z-modules. A map of graded modules
f :Ci → Di+k will be said to be of degree k.
Remark 2.2. For instane the dierential of a hain-omplex will be regarded as a
degree −1 map.
We will make extensive use of the Koszul Convention (see [1℄) regarding signs in
homologial alulations:
Denition 2.3. If f :C1 → D1, g:C2 → D2 are maps, and a⊗b ∈ C1⊗C2 (where a
is a homogeneous element), then (f⊗g)(a⊗b) is dened to be (−1)deg(g)·deg(a)f(a)⊗
g(b).
Remark 2.4. This onvention simplies many of the ommon expressions that our
in homologial algebra  in partiular it eliminates ompliated signs that our
in these expressions. For instane the dierential, ∂⊗, of the tensor produt ∂C ⊗
1 + 1⊗ ∂D.
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Throughout this entire paper we will follow the onvention that group-elements
at on the left. Multipliation of elements of symmetri groups will be arried out
aordingly  i.e. (
1 2 3 4
2 3 1 4
)
·
(
1 2 3 4
4 3 2 1
)
=
result of applying
(
1 2 3 4
2 3 1 4
)
after applying
(
1 2 3 4
4 3 2 1
)
or
n
(
1 2 3 4
4 1 3 2
)
.
Let fi, gi be maps. It isn't hard to verify that the Koszul onvention implies
that (f1 ⊗ g1) ◦ (f2 ⊗ g2) = (−1)
deg(f2)·deg(g1)(f1 ◦ f2 ⊗ g1 ◦ g2).
We will also follow the onvention that, if f is a map between hain-omplexes,
∂f = ∂ ◦ f − (−1)deg(f)f ◦ ∂. The ompositions of a map with boundary operations
will be denoted by ∂ ◦ f and f ◦ ∂  see [1℄. This onvention learly implies that
∂(f ◦ g) = (∂f) ◦ g + (−1)deg(f)f ◦ (∂g). We will all any map f with ∂f = 0 a
hain-map. We will also follow the onvention that if C is a hain-omplex and
↑:C → ΣC and ↓:C → Σ−1C are, respetively, the suspension and desuspension
maps, then ↑ and ↓ are both hain-maps. This implies that the boundary of ΣC is
− ↑ ◦∂C◦ ↓ and the boundary of Σ
−1C is − ↓ ◦∂C◦ ↑.
Denition 2.5. We will use the symbol T to denote h transposition operator
for tensor produts of hain-omplexes T :C ⊗ D → D ⊗ C, where T (c ⊗ d) =
(−1)dim(c)·dim(d)d⊗ c.
Proposition 2.6. Let C and D be hain-omplexes. Then there exist isomor-
phisms
Lk =↓
k
C⊗D ◦(↑
k
C ⊗1D): Σ
−kC ⊗D → Σ−k(C ⊗D)
sending c⊗ d ∈ Σ−kCi ⊗Dj to c⊗ d ∈ Σ
−k(C ⊗D)i+j , r , d ∈ Dj , and
Mk =↓
k
C⊗D ◦(1C⊗ ↑
k
D):C ⊗ Σ
−kD → Σ−k(C ⊗D)
sending c ⊗ d ∈ Ci ⊗ Σ
−kDj to (−1)
ikc ⊗ d ∈ Σ−k(C ⊗ D)i+j , for c ∈ Ci and
d ∈ Σ−kDj = Dj+k.
Denition 2.7. Let αi, i = 1, . . . , n be a sequene of nonnegative integers whose
sum is |α|. Dene a set-mapping symmetri groups
Tα1,...,αn :Sn → S|α|
as follows:
1. for i between 1 and n, let Li denote the length-αi integer sequene:
2. ,where Ai =
∑i−1
j=1 αj  so, for instane, the onatenation of all of the Li is
the sequene of integers from 1 to |α|;
3. Tα1,...,αn(σ) is the permutation on the integers 1, . . . , |α| that permutes the
bloks {Li} via σ. In other words, σ s the permutation(
1 . . . n
σ(1) . . . σ(n)
)
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then Tα1,...,αn(σ) is the permutation dened by writing(
L1 . . . Ln
Lσ(1) . . . Lσ(n)
)
and regarding the upper and lower rows as sequenes length |α|.
Remark 2.8. Do not onfuse the T -maps dened here with the transposition map
for tensor produts of hain-omplexes. We will use the speial notation Ti to rep-
resent T1,...,2,...,1, where the 2 ours in the i
th
position. The two notations don't
onit sine the old notation is never used in the ase when n = 1. Here is an exam-
ple of the omputation of T2,1,3((1, 3, 2)) = T2,1,3
(
1 2 3
3 1 2
)
:L1 = {1}2, L2 =
{3}, L3 = {4, 5, 6}. The permutation maps the ordered set {1, 2, 3} to {3, 1, 2},
so we arry out the orresponding mapping of the sequenes {L1, L2, L3} to get(
L1 L2 L3
L3 L1 L2
)
=
(
{1, 2} {3} {4, 5, 6}
{4, 5, 6} {1, 2} {3}
)
=
(
1 2 3 4 5 6
4 5 6 1 2 3
)
(or ((1, 4)(2, 5)(3, 6)), in yle notation).
Denition 2.9. A sequene of dierential graded Z-free modules, {Ui}, will be
said to form an operad if they satisfy the following onditions:
1. there exists a unit map (dened by the ommutative diagrams below)
η:Z→ U1
2. for all i > 1, Ui is equipped with a left ation of Si, the symmetri group.
3. for all k ≥ 1, and is ≥ 0 there are maps
γ:Ui1 ⊗ · · · ⊗ Uik ⊗ Uk → Ui
where i =
∑k
j=1 ij .
The γ-maps must satisfy the following onditions:
Assoiativity: the following diagrams ommute, where
∑
jt = j,
∑
is = i,
and gα =
∑α
ℓ=1 jℓ and hs =
∑gs
β=gs−1+1
iβ:
(⊗j
s=1 Uis
)
⊗
(⊗k
t=1 Ujt
)
⊗ Uk
Id⊗γ
//
shue

(⊗j
s=1 Uis
)
⊗ Uj
γ

Ui
((⊗jt
q=1 Uigt−1+q
)
⊗
⊗k
t=1 Ujt
)
⊗ Uk
(⊗tγ)⊗Id
//
(⊗k
t=1 Uhk
)
⊗ Uk
γ
OO
Units: the following diagrams ommute:
Z
k ⊗ Uk
∼= //
ηk⊗Id

Uk
U1
k ⊗ Uk
γ
::vvvvvvvvv
Uk ⊗ Z
∼= //
Id⊗η

Uk
Uk ⊗ U1
γ
::vvvvvvvvv
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Equivariane: the following diagrams ommute:
Uj1 ⊗ · · · ⊗ Ujk ⊗ Uk
γ
//
σ−1⊗σ

Uj
Tj1,...,jk (σ)

Ujσ(1) ⊗ · · · ⊗ Ujσ(k) ⊗ Uk γ
// Uj
where σ ∈ Sk, and the σ
−1
on the left permutes the fators {Uji} and the σ
on the right simply ats on Uk. See 2.7 for a denition of Tj1,...,jk(σ).
Uj1 ⊗ · · · ⊗ Ujk ⊗ Uk
γ
//
τ1⊗···τk⊗Id

Uj
τ1⊕···⊕τk

Ujσ(1) ⊗ · · · ⊗ Ujσ(k) ⊗ Uk γ
// Uj
where τs ∈ Sjs and τ1 ⊕ · · · ⊕ τk ∈ Sj is the blok sum.
Remark 2.10. The alert reader will notie a disrepany between our denition
of operad and that in [2℄ (on whih it was based). The dierene is due to our
using operads as parameters for systems of maps, rather than n-ary operations.
We, onsequently, ompose elements of an operad as one omposes maps, i.e. the
seond operand is to the left of the rst. This is also why the symmetri groups
at on the left rather than on the right.
We will frequently want to think of operads in other terms:
Denition 2.11. Let U be an operad as dened above. Given k1 ≥ k2 > 0, dene
the ith omposition
◦i:Uk2 ⊗ Uk1 → Uk1+k2
as the omposite
(2.1) Z⊗ · · · ⊗ Z⊗ Uk2 ⊗ Z⊗ · · · ⊗ Z︸ ︷︷ ︸
ithfator
⊗Uk1
→ U1 ⊗ · · · ⊗ U1 ⊗ Uk2 ⊗ U1 ⊗ · · · ⊗ U1︸ ︷︷ ︸
ithfator
⊗Uk1 → Uk1+k2−1
where the nal map on the right is γ.
These ompositions satisfy the following onditions, for all a ∈ Un, b ∈ Um, and
c ∈ Ut:
Assoiativity: (a ◦i b) ◦j c = a ◦i+j−1 (b ◦j c)
Commutativity: a ◦i+m−1 (b ◦j c) = (−1)
mnb ◦j (a ◦i c)
Equivariane: a ◦σ(i) (σ · b) = T1,...,n,...,1︸ ︷︷ ︸
ith position
(σ) · (a ◦i b)
Remark 2.12. In [6℄, I originally dened operads (or formal oalgebras) in terms of
these ompositions. It turned out that I'd reapitulated the historial sequene of
events: operads were originally dened this way and alled omposition algebras. I
am indebted to Jim Stashe for pointing this out to me.
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Given this denition of operad, we reover the γ map in 2.9 by setting:
γ(ui1 ⊗ · · · ⊗ uik) = ui1 ◦1 · · · ◦k−1 uik ◦k uk
(where the implied parentheses assoiate to the right). It is left to the reader to
verify that the two denitions are equivalent (the ommutativity ondition, here,
is a speial ase of the equivariane ondition).
Morphisms of operads are dened in the obvious way:
Denition 2.13. Given two operads U and V, a morphism
f :U→ V
is a sequene of hain-maps
fi:Ui → Vi
ommuting with all the diagrams in 2.9 or (equivalently) preserving the omposition
operations in 2.11.
Now we give some examples:
Denition 2.14. The operad S0 is dened via
1. Its nth omponent is ZSn  a hain-omplex onentrated in dimension 0.
2. The omposition operations are dened by
γ(σi1 ⊗ · · · ⊗ σik ⊗ σ) = σiσ(k) ⊕ · · · ⊕ σiσ(k) ◦ Ti1,...,ik(σ)
Remark 2.15. This was denoted M in [2℄.
Veriation that this satises the required identities is left to the reader as an
exerise.
Denition 2.16. Let S denote the E∞-operad with omponents
RSn
 the bar resolutions of Z over ZSn for all n > 0. This is an important operad
and [5,  2.3℄ is devoted to it.
Remark 2.17. This is the result of applying the unredued bar onstrution to
the previous example.
Denition 2.18. Coassoc is an operad dened to have one basis element {bi} for
all integers i ≥ 0. Here the rank of bi is i and the degree is 0 and the these elements
satisfy the omposition-law: bi ◦α bj = bi+j−1 regardless of the value of α, whih
an run from 1 to j. The dierential of this operad is identially zero.
Now we dene two important operads assoiated to any Z-module.
Denition 2.19. Let C be a DGA-module with augmentation ǫ:C → Z, and
with the property that C0 = Z. Then the Coendomorphism operad, CoEnd(C), is
dened to be the operad with:
1. omponent of rank i = HomZ(C,C
i), with the dierential indued by that
of C and Ci. The dimension of an element of HomZ(C,C
i) (for some i) is
dened to be its degree as a map.
2. The Z-summand is generated by one element, e, of rank 0.
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Remark 2.20. Both operads are unitary  their ommon identity element is the
identity map id ∈ HomZ(C,C). One motivation for operads is that they model the
iterated oproduts that our in CoEnd(∗). We will use operads as an algebrai
framework for dening other onstruts that have topologial appliations.
In like fashion, we dene the endomorphism operad:
Denition 2.21. If C is a DGA-module, the endomorphism operad, End(C) is
dened to have omponents
HomZ(C
n, C)
and ompositions that oinide with endomorphism ompositions.
Now we onsider a speial lass of operads that play a ruial role in the sequel:
Denition 2.22. An operad U = {Un} will be alled an E∞-operad if Un is a
ZSn-free resolution of Z for all n > 0.
Given these denitions, we an dene:
Denition 2.23. Let U be an operad and let C be a DG-module equipped with a
morphism (of operads)
f :U→ CoEnd(C)
Then C is alled a oalgebra over U with struture map f . If C is equipped with a
morphism of operads
f :U→ End(C)
then C is alled a algebra over U with struture map f .
Remark 2.24. A oalgebra, C, over an operad, U, is a sequene of maps
fn:U⊗ C → C
n
for all n > 0, where fn is ZSn-equivariant. These maps are related in the sense
that they t into ommutative diagrams:
Un ⊗ Um ⊗ C
◦i

Un+m−1 ⊗ C
fn+m−1

Cn+m−1
Un ⊗ Um ⊗ C
1⊗fm

Un ⊗ C
m
Vi−1

Ci−1 ⊗ Un ⊗ C ⊗ C
m−i
1⊗···⊗fn⊗···⊗1
//
for all n,m ≥ 1 and 1 ≤ i ≤ m. Here V :Un ⊗C
m → Ci−1 ⊗Un ⊗C ⊗C
m−i
is the
map that shues the fator Un to the right of i − 1 fators of C. In other words:
The abstrat omposition-operations in U exatly orrespond to ompositions of
maps in {HomZ(C,C
n)}. We exploit this behavior in appliations of oalgebras
over operads, using an expliit knowledge of the algebrai struture of U.
In very simple ases, one an expliitly desribe the maps dening a oalgebra
over an operad:
Denition 2.25. Dene the oalgebra, I  the unit interval  over S via:
8
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1. Its Z-generators are {p0, p1} in dimension 0 and q in dimension 1, and its
adjoint struture map is rn: RSn ⊗ I → I
n
, for all n > 1.
2. The oprodut is given by r2([ ] ⊗ pi) = pi ⊗ pi, i = 0, 1, and r2([ ] ⊗ q) =
p0 ⊗ q + q ⊗ p1.
3. The higher oproduts are given by r2([(1, 2)]⊗ q = q⊗ q, r2([(1, 2)]⊗pi) = 0,
i = 0, 1 and r2(a⊗ I) = 0, where a ∈ RS2 has dimension > 1.
Remark 2.26. This, oupled with the operad-identities in S sue to dene the
oalgebra struture of I in all dimensions and for all degrees.
Proposition 2.27. Coassoiative oalgebras are preisely the oalgebras over
Coassoc.
Remark 2.28. There are some subtleties to this denition, however. It is valid if
we regard Coassoc as a non-Σ operad. If we regard it as an operad with trivial
symmetri group ation, then we have dened oassoiative, oommutative oal-
gebras.
We an dene tensor produts of operads:
Denition 2.29. Let U1 and U2 be operads. Then U1 ⊗ U2 is dened to have:
1. omponent of rank i = (U1)i ⊗ (U2)i, where (U1)i and (U2)i are, respetively,
the omponents of rank i of U1 and U2;
2. omposition operations dened via (a ⊗ b) ◦i (c ⊗ d) = (−1)
dim(b) dim(c)(a ◦i
c)⊗ (b ◦i d), for a, c ∈ U1 and b, d ∈ U2.
We onlude this setion with
Denition 2.30. An operad, R, will be alled an operad-oalgebra if there exists
a o-assoiative morphism of operads
∆:R→ R⊗R
Remark 2.31. Operad-oalgebras are important in ertain homotopy-theoreti on-
texts  for instane in the study of the bar and obar onstrutions. The S-operad
is a partiularly important operad of this type.
3. Suspensions
3.1. Chain-omplexes and operads. In this setion, we will ompute the eet
of a suspension in some detail. We begin with a word on notation. There is
the well-known onept of suspension of a hain-omplex: this is just the given
hain-omplex with dimensions shifted up or down. In [5℄, we dened the onept
of suspension of an m-oalgebra that orresponded to the topologial notion of
suspension. Now the problem: although m-oalgebras are also hain-omplexes,
their suspensions as hain-omplexes are not the same as their suspensions as m-
oalgebras.
We will onsequently use the notation SC for the supension of C as an m-
oalgebra (this is the suspension that has topologial signiane).
Denition 3.1. Let C = ΣZ be the hain-omplex onentrated in dimension 1
and dene Susp = CoEnd(C), the suspension operad. In like fashion, we an dene
Susp−1 = CoEnd(Σ−1Z), the desuspension operad.
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Remark 3.2. Note that Suspn is a hain-omplex onentrated in dimension n− 1
equal to Σn−1Z, with ompositions dened by
sn ◦i sm = (−1)
(i−1)(n−1)sn+m−1
where sn ∈ Suspn is the anonial generator. The Sn-ation on sn is dened by
σ · sn = (−1)
parity(σ)sn
where σ ∈ Sn.
Note that there are two distint, but anonially isomorphi, ways of dening
Susp. We have seleted the denition that orresponds to omposing maps f, g ∈
CoEnd(C) to have f ◦i g mean the map g followed by the map f .
This denition was motivated by
Proposition 3.3. If C is a hain-omplex
CoEnd(ΣC) = Susp⊗ CoEnd(C)
Remark 3.4. Note that the suspensions here are those of hain-omplexes (i.e.,
simple dimension-shifting) rather than the (topologially motivated) notion of m-
oalgebra suspension dened in [5, 3.36℄. We will onnet these two notions later
in this setion.
For the omponent of degree n, the isomorphisms in question are preisely
HomZ(↓, ↓ ⊗ · · ·⊗ ↓︸ ︷︷ ︸
n times
), whih lower dimension by n− 1.
Proof. Note that ΣC = ΣZ⊗C. The onlusion follows from the injetive operad-
morphism (see [5, Proposition 3.4℄)
E: CoEnd(ΣZ) ⊗ CoEnd(C)→ CoEnd(ΣZ⊗ C)
whih is an isomorphism in this ase (sine D = Susp has nitely generated om-
ponents).
We an use this to dene the onept of suspension of an operad:
Denition 3.5. Given an operad A, we dene its suspension ΣA to be the operad
Susp⊗A and its desuspension, Σ−1A, to be the operad Susp−1⊗A. The suspension
isomorphism I:A→ ΣA is a set of isomorphisms
In:An → (ΣA)n
of degree n− 1 (i.e., In raises dimension by n− 1) for all n > 0 suh that:
1. The identity
In(g · x) = (−1)
parity(g)g · In(x)
holds for all n > 0, all x ∈ An and all g ∈ Sn.
2. The identity
In+m−1(a ◦i b) = (−1)
(m−1) dima+(n−1)(i−1)
In(a) ◦i Im(b)
holds for all n,m > 0, all a ∈ An and b ∈ Am, and all 0 ≤ i ≤ m.
Although suspension-isomorphisms are not operad-morphisms (they do not even
preserve dimension) they learly dene a funtor from the ategory of operads to
itself.
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Denition 3.6. Let k ≥ 0 be an integer and dene dene Σ−kL to be the at-
egory of DG-oalgebras over the operad Σ−kS that are k-fold desuspensions (in
the Σ-sense) of m-oalgebras. Dene Σ−kL = Σ−kL0[H
−1] where H is the lass of
morphisms of oalgebras over Σ−kS induing homology isomorphisms of underlying
hain-omplexes.
By denition
Proposition 3.7. Desuspension denes isomorphisms of ategories
↓k:L→ Σ−kL
for all k ≥ 0.
3.2. m-oalgebras. For the remainder of this setion, we will fous on
m-oalgebras over the operad S and onsider suspensions of m-oalgebras as
dened in [5, 3.36℄.
There are important dierenes between suspending m-oalgebras and arbitrary
oalgebras over an operad. For instane m-oalgebras ontain a sub-oalgebra iso-
morphi to the trivial m-oalgebra, Z  the basepoint. In addition, there exists a
anonial surjetion of oalgebras
C → Z
that is a left-inverse to inlusion of the basepoint. The basepoint does not partii-
pate in suspension.
Denition 3.8. Let k be an integer ≥ 0, and let C be an objet of Σ−kL0. Then
we dene C+ = C/Σ−kZ, where Σ−kZ = C−k is the (desuspended) basepoint.
Remark 3.9. By [5, 2.35℄, this quotient is a oalgebra over Σ−kS.
Denition 3.10. Let k be an integer ≥ 0, and let C be an objet of Σ−kL0 with
struture-map
a: Σ−kS→ CoEnd(C)
We will all C redued if its oprodut is trivial  i.e.
∆(x) = a(Σ−k[ ])(x) = Σ−k1⊗ x+ x⊗ Σ−k1
for all x ∈ C, where 1 ∈ C−k is the (desuspended) basepoint.
The following is immediate:
Proposition 3.11. Let k be an integer ≥ 0, and let C and D be redued objets of
Σ−kL0. Then C ∼= D if and only if C
+ ∼= D+.
Now we are in a position to begin to alulate the S ∧ ∗-suspension of m-
oalgebras.
Proposition 3.12. Let [0, 1] denote the standard 1-simplex, with verties {[0], [1]},
and let Susp be the operad dened in 3.1. Then there exists a surjetive operad-
morphism
τ : CoEnd(C([0, 1]))→ Susp(3.1)
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Proof. This is just the morphism of CoEnd(∗)-operads indued by the hain-map
C([0, 1])→ C([0, 1])/C([0, 1])0 = ΣZ
Proposition 3.13. There exists a surjetive operad-morphism
V:S→ ΣS
that makes the following diagram ommute
ΣS
I⊗1◦∆◦I−1
%%L
LL
LL
LL
LL
L
S
V
;;xxxxxxxxx
∆
##
FF
FF
FF
FF
F ΣS⊗S
S⊗S
V⊗1
99rrrrrrrrrr
Remark 3.14. The morphism V oinides with the determinant map dened in [5℄.
Note that [5, Proposition 2.26℄ does not apply sine ΣS and Σ−1S are not E∞-
operads. Although the {Vn} do not indue homology isomorphisms, they do dene
ohomology lasses
{αn ∈ H
n−1(Sn,Z)}
for all n > 0.
Proof. Identify ΣS with the operad Susp⊗S, by 3.5. Now form the omposite
S
∆ // S⊗S
u⊗1
// CoEnd(U)⊗S
τ⊗1
// Susp⊗S = ΣS(3.2)
where
1. ∆:S→ S⊗S is the anonial oprodut dened in [5℄,
2. the morphism τ is dened in 3.1,
3. U = C([0, 1]),
4. u:S→ CoEnd(U) is the struture map of the m-struture of C([0, 1]).
We will use this to desribe the m-struture of suspensions.
Proposition 3.15. Let C be an m-oalgebra over S. Then
ΣC+ = (SC)+
as hain-omplexes.
Proof. Reall that
SC = C(S1) ∧ C = C(I)⊗ C/([0]⊗ C+ + [1]⊗ C+ ⊗+[0, 1]+ ⊗ p)
where p ∈ C0 = Z is the basepoint and [0] is the basepoint of [0, 1]. This means
that the basepoint of SC is [0]⊗p and (SC)+ = [0, 1]⊗C+ = ΣZ⊗C+ = ΣC+.
The following result relates our two distint notions of suspension
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Theorem 3.16. Let C be an m-oalgebra over S with struture map
aC :S→ CoEnd(C)
whose suspension (as an m-oagebra) is ΣC with struture map
aSC :S→ CoEnd(SC)
Then ΣC+ = (SC)+. Suppose that the orresponding redued m-oalgebras have
the struture maps
a+C :S→ CoEnd(C
+)
and
a+SC :S→ CoEnd((SC)
+) = CoEnd(ΣC+)
respetively. Then the following diagram ommutes
CoEnd((SC)+) CoEnd(ΣC+) CoEnd(C+)
Ioo
S
a
+
SC
OO
V
// ΣS
Σa+
C
OO
S
I
oo
a
+
C
OO
(3.3)
where all vertial maps are operad-morphisms and the the I-maps are suspension-
isomorphisms of operads (see 3.5).
Proof. This follows from 3.13 and the denition of the m-struture of the (geomet-
ri) suspension. Let C be an m-oalgebra over S with struture map
a:S→ CoEnd(C)
and let the struture map of the unit interval I = C([0, 1]) be
u:S→ CoEnd(I)
Then the suspension has a struture map that is the omposite
S
∆

S
∆

S⊗S
u⊗1

S⊗S
u⊗a

CoEnd(I)⊗S
1⊗a
// CoEnd(I)⊗ CoEnd(C)
E

CoEnd(I)⊗S
E◦1⊗a
//
{τ⊗1}

CoEnd(I ⊗ C)
q

Susp⊗S
(E◦1⊗a)∗
// CoEnd((SC)+)
ΣS
Σa+ // CoEnd(ΣC+)
(3.4)
Where
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1. E: CoEnd(I) ⊗ CoEnd(C) → CoEnd(I ⊗ C) is the operad morphism dened
in [5, Proposition 3.4℄
2. q: CoEnd(I ⊗C)→ CoEnd((SC)+) is indued by the quotient map I ⊗C →
I ⊗ C/([0]⊗ C+ + [1]⊗ C+ + [0, 1]+ ⊗ p+ [0]⊗ p) = (SC)+
Now observe that the left olumn is V and that the right is the struture map of
(SC)+.
Corollary 3.17. Let C and D be m-oalgebras over S with redued struture mor-
phisms
aC :S→ CoEnd(C
+)
and
aD:S→ CoEnd(D
+)
respetively. Then a morphism f :SC → D gives rise to a ommutative diagram
C+
Σ−1f+
// Σ−1D+
S
aC
OO
Σ−1S
Σ−1aD
OO
U
oo
(3.5)
Proof. Just desuspend the left square of diagram 3.3 (and interhange its olumns)
to get
CoEnd(C+) Σ−1CoEnd((SC)+)
S
a+
C
OO
Σ−1S
Σ−1a+
SC
OO
U
oo
and splie in the ommutative square representing a morphism Σ−1f : Σ−1SC →
Σ−1D (in L−10 )
Σ−1CoEnd((SC)+)
Σ−1f
// Σ−1D+
Σ−1S
Σ−1a+
SC
OO
Σ−1S
Σ−1aD
OO
The outer rim of the result is preisely 3.5.
The following is straightforward, but should be said
Denition 3.18. Given a oalgebra C over an operad R1 with struture map
a:R1 → CoEnd(C)
and a morphism of operads
f :R2 → R1
the pullbak, f∗C is dened to be the oalgebra over R2 with struture map
a ◦ f :R2 → CoEnd(C)
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We have two distint ways of onverting objets of L into objets of Σ−kL: by
desuspending, as in 3.7, or by pulling bak struture morphisms over
Uk = Σ−kVk: Σ−kS→ S
as in 3.17.
The rst method desuspends the underlying hain-omplex (so we get a hain-
omplex that extends into negative dimensions), and the seond does not. These
two funtors are related by:
Theorem 3.19. Let C and D be m-oalgebras over S with struture-maps aC and
aD, respetively, let k be an integer > 0. Then S
kC is equivalent to SkD in L if
and only if (Uk)∗C+ is equivalent to (Uk)∗D+ in Σ−kL.
Proof. This follows by an indutive appliation of 3.16.
Denition 3.20. Consider the inverse system of operads
· · · → Σ−iS→ Σ−i+1S→ · · · → S
whose maps are
Σ−iU: Σ−i−1S→ Σ−iS
Denote the orresponding inverse limit by S−∞. The morphism U: Σ
−1S → S
indues an operad-endomorphism
U:S−∞ → S−∞
In addition, S−∞ omes equipped with anonial operad-morphisms
pn:S−∞ → Σ
−nS
Remark 3.21. We may think ofS−∞ as Σ
−∞S and the projetions pn as U
∞−n
.
This makes some sense if one notes that all of the Un maps are surjetive so that
there are isomorphisms
Σ−nS→ Fn{Σ−iS}
where Fn{Σ−iS} is a nite portion of the inverse limit  the sub-operad of
n∏
i=0
Σ−iS ⊂
∞∏
i=0
Σ−iS
omposed of sequenes {α0, . . . , αn} with αi = U(αi+1) for all i < n.
Denition 3.22. Let L′−∞ denote the ategory of oalgebras over S−∞
and let L−∞ = L
′
−∞[H
−1], where H is the lass of morphisms induing
homology-isomorphisms.
Let Σ−∞L0 ⊂ L
′
−∞ be the subategory with the property that eah objet, O,
of Σ−∞L0 is of the form p
∗
kZ,
1. where Z ∈ Σ−kL0 for some value of k, and
2. pk:S−∞ → Σ
−kS, as dened in 3.20.
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Given an objet O, of Σ−∞L0 of the form p
∗
kZ, we will all the integer k the level of
O. In addition, dene Σ−∞L = Σ−∞L0[H
−1], where H is the lass of morphisms
induing homology isomorphisms. Then morphisms m:O1 → O2 are diagrams of
the form
O1 ↔ Z1 ↔ · · · ↔ Zn ↔ O2
with eah ↔ representing a morphism to the left or right, and all left-pointing
arrows induing homology equivalenes. We will dene the level of the morphism
m to be
max {level(O1), level(Z1), . . . , level(Zn), level(O2)}
Corollary 3.23. Let C and D be m-oalgebras. Then there exists an integer k > 0
and a morphism SkC → SkD in L if and only if there exists a morphism p∗0C
+ →
p∗0D
+
in Σ−∞L. The two morphisms indue idential maps of hain-omplexes. In
partiular, there exists an integer k > 0 suh that SkC is equivalent to SkD in L
if and only if p∗0C
+
is equivalent to p∗0D
+
in Σ−∞L.
Proof. We begin by proving the if -part: If there exists a morphism SkC → SkD
then, by 3.19, (Uk)∗C+ ∼= (SkC)+ and (Uk)∗D+ ∼= (SkD)+ in Σ−kL. Sine pk◦U
k =
p0, the morphism S
kC → SkD indues a morhism
p∗0C
+ → p∗0D
+
in L−∞.
One the other hand, suppose there exists a morphism p∗0C
+ → p∗0D
+
in Σ−∞L,
of level k (see 3.22). Then there exists a sequene
p∗0C
+ ↔ Z1 ↔ · · · ↔ Zt ↔ p
∗
0D
+
(3.6)
where eah arrow,↔, points to the left or right and the left-pointing arrows indue
homology isomorphisms. Suppose Zi = p
∗
ki
Wi, where Wi ∈ Σ
−kiL0. Then k =
max{ki}. We onvert 3.6 into a sequene
(Uk)∗C+ ↔ (Uk−k1 )∗Z1 ↔ · · · ↔ (U
k−kt)∗Zt ↔ (U
k)∗D+
whih denes a morphism (Uk)∗C+ → (Uk)∗D+ in Σ−kL. The onlusion follows
by 3.19.
Corollary 3.24. Let X and Y be pointed, simply-onneted semisimpliial sets.
Then there exists an integer k ≥ 0 and a pointed map of topologial realizations
f : |SkX | → |SkY | if and only if there exists a morphism g: p∗0C(X)
+ → p∗0C(Y )
+
in Σ−∞L. In this ase, the following diagram ommutes in L
Σk(Uk)∗C(X)+
Σkg
// Σk(Uk)∗C(Y )+
C(SkX)+
ι
SkX

C(SkY )+
ι
SkY

C(∆˙(|SkX |))
C(∆˙(f))
// C(∆˙(|SkY |))
(3.7)
where
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1. Σk denotes suspension of hain-omplexes and base-operads. This is suspen-
sion in the sense of dimension-shifting.
2. ∆˙(∗) denotes the 2-redued singular omplex funtor.
3. | ∗ | denotes topologial realization funtor.
4. ιX :C(X)→ C(∆˙(|X |)) is the anonial (injetive) equivalene.
In partiular X and Y are stably homotopy equivalent if and only if p∗0C(X)
+
and
p∗0C(Y )
+
are equivalent in Σ−∞L.
Remark 3.25. Note that L is the loalized ategory L0[H
−1], so that the ommu-
tativity of 3.7 in L implies its homotopy ommutativity in L0.
Note that the basepoints have fallen out of the piture: the stable homotopy
type of X is determined by the redued m-oalgebra C(X)+.
Proof. This follows from 3.23, whih implies that SkC(X) is equivalent to SkC(Y )
in L and [5, Theorem 9.9℄.
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